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ABSTRACT

Quantum knot invariants (like colored HOMFLY-PT or Kauffman polynomials) are a distinguished class of non-perturbative
topological invariants. Any known way to construct them (via Chern-Simons theory or quantum R-matrix) starts with a finite
simple Lie algebra. Another set of knot invariants — of finite type — is related to quantum invariants via a perturbative expansion.
However can all finite type invariants be obtained in this way? Investigating this problem, P. Vogel discovered a way to polynomially
parameterize the expansion coefficients with three parameters so that, at different specific values, this reproduces the answers for
all simple Lie (super)algebras. Then it is easy to construct a polynomial P,;4 that vanishes for all simple Lie algebras, and the
corresponding Vassiliev invariant would thus be absent from the perturbative expansion.

We review these Vogel claims pointing out at least two interesting implications of his construction. First, we discuss whether
infinite-dimensional Lie algebras might enlarge Chern-Simons theory. Second, Vogel’s construction implies an alternative axiom-
atization of simple Lie algebras — when we start from knot invariants and arrive at Lie algebras and their classification, which is
opposite to conventional logic that we mentioned at the beginning.

1 Introduction

One of the tasks of modern theory is to characterize (if not calculate) the gauge-invariant observables in Yang-
Mills theory, which are basically the averages of Wilson lines. So far the best achievement is identification of these
quantities in the simplest 3d Chern-Simons theory with knot polynomials. Since the theory is topological, Wilson
averages depend only on the linking of contours and can be analyzed by methods, alternative to conventional
quantum field theory (QFT) — what allows to drastically enrich QFT methods and obtain exact non-perturbative
answers. The basic ingredient in this approach is the Yang-Baxter equation, which is one of the Reidemeister
equivalences — and in Yang-Mills QFT it appears through the quantization of the underlying Lie algebra and
associated universal R-matrices. This is known as the Reshetikhin-Turaev formalism.

Within this approach it is not at all obvious that all topological invariants are described by Wilson av-
erages, i.e. by knot polynomials. Clearly this is extremely important for QFT — to know if there can be
(non-perturbative) observables, different from Wilson averages. Among many attempts to resolve this puzzle,
distinguished is the approach, suggested by P.Vogel [1], because it sounds conceptually very simple. Namely,
he proposed to construct a kernel of a mapping (called a weight system) from the universal Vassiliev invariant
(called the Kontsevich integral [2]) to the knot polynomials using a universal description of the adjoint repre-
sentation of the Lie algebras. The claim is that a representation theory of Lie algebras allows a new kind of
universal description, where all Dynkin diagrams associate with concrete values of three parameters (o, 8,~) and
many quantities in Lie algebra, from dimensions to knot polynomials [3-8], are expressed analytically through
these parameters.

More specifically, it is known [9, 10] that any coefficient of the perturbative expansion of the Wilson average
in the Chern-Simons theory for any knot K, a finite gauge algebra g and its finite-dimensional representation
R is a some Vassiliev invariant (i.e. invariant of the finite type) [11]. It gives a perturbative interpretation of
the Vassiliev theory within the Chern-Simons framework. For this reason, it has long been considered that the
study of non-perturbative invariants (knot polynomials) is a priority, since they contain more information (or
at least no less) than perturbative ones.

However, the work of P. Vogel cast doubt on this point of view. He proved that there exist such Vassiliev
invariants that cannot be obtained as coefficients of a perturbative expansion. Moreover, he presented one such
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invariant as a dual element to explicitly constructed closed Jacobi diagram. This allows us to take a new look
at the old discussion about the existence of other non-perturbative observables besides Wilson loops.

The possibility of a universal description of the representation theory of Lie algebras (even of the adjoint
sector) deserves special attention. Vogel himself had an idea to construct a universal Lie algebra [3] which has
not yet been implemented due to zero divisors. He introduced a peculiar A-algebra of (equivalence classes of)
the 3-valent diagrams to describe Reidemeister-invariant quantities, and found a map from the polynomials of
«, B, v into it. This map has a kernel, which contains

Palg = SlQPSlPSOPEZECPD2,17 (1)

multiples of Py, and potentially some other undiscovered polynomials.

Note that Py, vanishes for all the simple Lie algebras and superalgebras, because each factor individually
vanishes for the corresponding algebra or series of algebras. In other words, there is no polynomial that is not
associated with a Lie algebra, which has a counterpart in the space of invariant 3-valent diagrams. We describe
this statement and discuss its implications.

Honestly speaking, this is not an exhausting argument, there are at least three loopholes:

e Vogel takes into account that between Vassiliev invariants there can only be polynomial (algebraic) rela-
tions. However, nothing forbids the existence of more complicated (transcendental) relations.

e Instead of a finite gauge Lie algebra, one can consider an infinite-dimensional one. Such Chern-Simons
theories have not been formulated to date, since a correct definition of a trace and, in general, a contraction
of indices between structure constants is required.

e Also one can consider infinite-dimensional representations of classical algebras. Such representations may
lead to divergent contributions, which would require additional specifications or regularizations, which
could potentially help.

Still the story deserves to be widely known to physical audience and further studied, understood and inter-
preted.

Our paper is organized as follows. In Section 2 we briefly review the Chern-Simons theory and the Kontsevich
integral. Then we formulate the problem of whether all Vassiliev invariants are contained in the Chern-Simons
invariants. Next we briefly review Vogel’s approach via A-algebra, which allows one to solve this problem. In
Section 3 we discuss three implications of Vogel’s result. First, we discuss whether it is possible to distinguish
all knots using Chern-Simons theory with a finite gauge Lie algebra. Second, we discuss the infinite-dimensional
case. Third, we note that if we invert Vogel’s logic, we can obtain an alternative axiomatization and classification
of Lie algebras. Namely, starting from knot theory, we can naturally arrive at the notion of a Lie algebra as
the dual space of a Vogel algebra, and the zero divisor in this algebra gives the Cartan-Dynkin classification.
In summary (Section 4) we collect all interesting results and open problems, which we discuss in this paper.

2 On the kernel of Lie algebra weight system

2.1 Chern-Simons theory and quantum knot invariants

The 3-dimensional Chern-Simons action with gauge group G for vector field A, = Af,(z) T (T are generators
of the corresponding Lie algebra g) is

K
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Gauge invariant functions of A, are Wilson loops

(Wgr(K)) = % / DA M Tr g (Pexp i %C A,tdx"> : (3)

that determine topological invariants of contour C. Partition function Z is defined as usual Z = [ DA eS(A),

These functions (3) are known as quantum knots invariants or Witten-Reshetikhin-Turaev invariants [12-14].
They equal to invariants calculated with the help of quantum R-matrices in the corresponding representation
of quantum algebra Uy, (g).

If we apply the standard perturbation technique to Wilson loops
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where the integration is over the contour K with the given orientation o; the sum runs over the set of all pairing
Py, of 2n numbers, an element of this set has the form p = ((i1,71)..-(¢n, jn)) Where i < ji and the numbers
ik, ji are all different numbers from the set {1,2,...,2n}. A function o, returns a minimum number from the
pair (i, ji). A symbol p; denotes the number of down-oriented segments between critical points on the knot
K entering the integral. More details one can find in [15, 16].

From this expansion we see that the information about the knot and the gauge group (Wgr(K)) contributes
separately. The information about the embedding of knot into S® is encoded in the integrals of the form:
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and the information about the gauge group and representation enter the answer as the group factors:

n,m
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Thus we can rewrite the perturbative series (4) for the Wilson loop in a more schematic way

00 Nn
(WR(IK)) =D h" > Gl - vl s (5)
n=0 m=1

where N, is the number of independent group elements of degree n.

Coefficients fuy’im are Vassiliev invariants of order n. Detailed description of Vassiliev invariants and the
corresponding algebra can be found in textbook [17]. Also, the necessary information in a much more concise
form is contained in Section 2 in paper [18].

Reshetikhin-Turaev formalism is related to the Ay = 0 gauge [19-21], but the gauge used by Kontsevich
Az = 0, although less restrictive (leaving holomorphic integrals instead of individual points), turns out to be
better justified. The perturbative Vassiliev invariants obtained from it may turn out to be richer than the
non-perturbative colored HOMFLY-PT polynomials etc!, but this is still unclear. Literally, the perturbative
HOMFLY-PT etc decompositions reproduce only some combinations of Vassiliev invariants, and whether it is

possible or not to reproduce all of them separately is unknown.

2.2 Chern-Simons invariants and the Kontsevich integral

In 1993 it was proved that any coefficient of a quantum knot invariant is a Vassiliev invariant [9, 10]. Tt is natural
to ask whether the converse is true. This question was formulated by D.Bar-Natan in his 1995 paper [10]: Are all
Vassiliev invariants contained in quantum knot invariants considered for all (semi)simple Lie (super)algebras g?
P.Vogel proved the existence of the kernel of any Lie algebra weight systems what imply the negative answer to
the Bar-Natan’s question [1]. To discuss Vogel’s answer to this question in details, it is necessary to reformulate
it in more appropriate terms. To do this, one should think about the Kontsevich integral as a generating series
for all Vassiliev invariants (i.e. the universal Vassiliev invariant).

A knot invariant v is called a Vassiliev invariant of order no more than n if v vanishes at singular knots
with > n + 1 double points. The continuation of knot invariants to the set of singular knots is determined by
Vassiliev skein relation:

1»

etc” refers to the analogues of colored HOMFLY-PT for other algebras, say, to the Kauffman polynomials for the so and sp
series, and their still under-investigated analogues for exceptional groups.



(X)=2(32)-+(X)

For our aims the rigorous definition of these invariants is not necessary. It is important that the Vassiliev
invariants satisfy certain relations called 17" and 4T

Also it is important that the Vassiliev invariants of order n form an algebra V,, with respect to following
multiplication. The product of two Vassiliev invariants of orders < n and < m is a Vassiliev invariants of order
<n+m: vy Upy = Upym. It provides polynomial relations on them.

Invariants of finite type have a combinatorial description in terms of chord diagrams. A chord diagram of
order n is an oriented circle with n pairs of distinct points. The set of chord diagrams of order n is denoted
A,,. Algebra of chord diagrams is a vector space A, = A,,/(4T, 1T) modulo the four-term and the one-term
relations, corresponding to the relations on the Vassiliev invariants, with a well-defined multiplication:

TA QA -

multiplication: @ m

This algebra is isomorphic to the algebra A,, of chord diagrams with n chords (see details in [17, 18]). More
precisely, let W,, = A% = Hom (A,,R) be a space of linear functions on A,. Then W = @~ W, =
@Zo:() Vi/Vn-1 = V. We choose a basis D,,,, in A, and its dual basis vy, ., and consider the following
generating series:

o) dim V,

=Y Do (6)
n=0 m=1

This is the celebrated Kontsevich integral.

What is the connection with the invariants from the Chern-Simons theory? Choose a basis T, ..,T" of g and
let Ty, .., T, be the dual basis with respect to the non-degenerate bilinear form. Then we consider irreducible
finite-dimensional representation R of universal enveloping algebra U(g) and define the function ¢% on chord
diagrams, which satisfies 47 relation:

%A, = ZU(g) »C, D~ Trg(TT"...) (7)

a b

D2)]_ = @67 @%(D2,1> = ’I‘I‘R Z T Tb T¢ Tb Ta TC
a,b,c=1

The definition of function ¢% should be clear from the above example for chord diagram D5 ;. Applying this
function to the Kontsevich integral we obtain the Wilson loop expectation value for the Chern-Simons, what
can be derived in a (anti)holomorphic gauge as was discussed in the previous section:

5 (1(6)) = (WE()). (8)

Thus, we can reformulate Bar-Natan’s question in terms of function ¢: For which algebras g and their
representations R the kernel of ¢ is empty

Ker (¢}) =27 (9)



It is easy to see that for any representations of algebra sl this kernel is nontrivial. Indeed, by definition (7) ¢%
is an eigenvalue of the nth Casimir operator corresponding to ¢ (D, ., ), while in sly case independent Casimir
operators are the second one Cy and it powers C3,Cj, ... Therefore, on the 4th order for any representation of
sly there are only two independent group factors Cy(R) and C3(R), while independent diagrams are three D3 ;,

Dy and D4 3. Thus, dim (Ker(ap;fz )) =1.

Moreover, Ker ( 0% ) # @ for any particular simple algebra g. Therefore, the correct question is the following;:

Do there exist such finite (semi)simple Lie (super)algebras g1, go, ..., gx such that
Ker(go%ll)ﬂKer(apﬁ%)ﬂ...ﬁKer(gp%’l):@? (10)

P.Vogel answered to this question and this answer is negative.

2.3 Constructing the kernel
2.3.1 Algebra of closed Jacobi diagrams

Now let us review Vogel’s approach to construct a particular closed Jacobi diagram, which is not determined
by any finite-dimensional Lie weight system. The algebra of chord diagrams A, is isomorphic to the algebra
of closed Jacobi diagrams én, which is the vector space of closed diagrams with only trivalent 2n vertices and
distinguished cycle modulo STU and 1-term relations:

O 0 0 O

Figure 1: Examples of Jacobi diagrams

stu= Y ~J L+,

The multiplication is defined in a similar way to the algebra A,. The STU relation imposes additional
constraints on an internal graph of Jacobi diagrams:

LSNPS ATA

It is also possible to define a weight system ¢%: with external vertices (i.e. on the distinguished cycle) one
associates generators of the Lie algebra g in the representation R while with internal vertices one associates
generators in the adjoint representation (i.e. structure constants). This construction should be clear from the

following example:
0% (@) = fape Tr p (TOTPTE) . (11)

If we consider the adjoint representation, then the AS and IHX relations act not only on the internal
graph, but also on the external (distinguished) cycle. Graphically, we depict such a cycle not with a thick line,
symbolizing an arbitrary representation, but with an ordinary thin line, the same as the internal graph.

Since the entire construction contains 4 different algebras, in order not to get confused in their relationships,
we have drawn the following diagram. It shows which algebras are responsible for which invariants and how
they relate to each other:



g K ich i 1
Chern-Simons ;'OZR o OHESiEV;S integra Vogel’s A algebra
knot invariants S B Y Dpm vk, relations (AS, THX)
n=0 m=1
S N O
. . Algebra V of Algebra A of Algebra C of
Knot invariants O, . . .
Reidemeister moves = | Vassiliev invariants | <— chord diagrams <= | closed Jacobi diagrams
v relations (1T, 4T) relations (1T, 4T) relations (1T, STU)

2.3.2 Vogel A-algebra

A is a vector space generated by 3-legged diagrams of valence 3 modulo the AS and THX relations. There is
also condition for a diagram in A to be antisymmetric with respect to permutation of its legs, however, it is
unknown whether there are any 3-legged diagrams other than antisymmetric.

There exists a way to multiply any connected trivalent diagram modulo AS+IHX by an element of A. To do
so, one should insert a 3-legged A-diagram into a trivalent vertex of the other diagram. Hence, A is an algebra
with respect to that vertex multiplication and some other spaces of diagrams (like primitive Jacobi diagrams
P) acquire the structure of A-module:

A-algebra was extensively studied by P. Vogel [1]. Its multiplication is abelian and it was conjectured to
be isomorphic to polynomial algebra Ry = Q[t] ® wQ[t, 0,w]. However, A turns out to have a divisor of zero:
t-P=0.

2.3.3 Characters on A

For A there is a construction similar to the Lie algebra weight system. For an element of A structure constant
fabe 18 assigned to each vertex and metric tensor ¢,; (non-degenerate Killing form) is assigned to each edge:

(I)g A — L®37 /‘\’_) Sabe

Then relation AS means anticommutativity and THX means Jacobi identity.
After contraction of the duplicate indices we end up with a tensor with 3 free indices. But for simple Lie
algebra there is only one invariant tensor of rank 3, namely the structure constant:

Dy(2) = Xg(#) fave: VI EA. (12)

The coefficient of proportionality between the resulting tensor and the structure constant is called a character
of the Lie algebra taken on that element of A. The character on A coming from a Lie algebra g defined as above
is denoted by x4 : A — Q.

For the elements of A expressible in the form of a polynomial in ¢, o and w (currently, all known elements
of A are of this type) one only needs to know the values that x4 takes on ¢, ¢ and w. Those are dependent on
g and on the choice of metric in g. For any renormalization of the metric ¢, 0 and w also rescale as variables
of degree 1, 2 and 3 correspondingly. Hence, the values xq(@&)/xq(wt%) and xq(w)/x4(?) are invariant and
depend only on g.

Instead of variables ¢, o, w there is another rather convenient parameterization via «, 3, ~:

a+pB+vy=t, af+By+tay=0c-2t* afy=w-—to. (13)

The values «, 8, « for simple Lie algebras were calculated by Pierre Vogel in [1] and are shown in Table 1 in
the same normalization as in [4]:

Since variables ¢, 0, w are symmetric in «, 5,7, what obviously follows from (13), then characters x4(&) are
also symmetric polynomials in «, 3, 7.



Lie algebra g | « B y
sl -2 2 N
50N —2 4 N —4
S5Po -2 1 N +2
Go -2 10/3 | 8/3
Fy -2 5 6
Eg -2 6 8
Er -2 8 12
Fs 2| 12 20

Table 1: Vogel parameters.

Now let us ask the following question. Does there exist such element of A-algebra whose character vanishes

for the g algebra?

Xg(Zg) ~ Py, where
Py (a+8)(B+7) (a+1),
Posy = (a+28)(2a+ B) (B+27)(28 +7) (a +27)(2a + ),
Poe = (@=28-29) (8 — 20— 27) (v — 2a = 2p).

(14)

To answer this question one should rewrite these polynomials in terms of ¢, 0,w and use the unique graded

homomorphism ¢ : Q[t] ® wQJt, o,w] — A:

Y(t) =1 vw) =a

(0 (Upw) = Wp,

where the diagram @,, p > 0 can be expressed in terms of diagrams Z,:

For example, ¥ (wPy;) = Cﬁz = %fgf5 + 197656 _ %fg by —

2.3.4 Zero divisor

LTy =

4
§$3.

2

(15)

We have already mentioned that A-algebra has a divisor of zero ¢ .P = 0 and now we describe it. A more detailed

description with all the proofs can be found in [1, Theorem 8.4]. Let U be the following 6-legged diagram:

Then we define P # 0 € A by removing a neighborhood of a trivalent vertex from V:

1 . S
V=& Z sign(o) - <U )

0ESq

|

A - ._remove
() -

qp(wpslposppezc) = _21015



2.3.5 Peculiar D;; diagram

Now we are ready to answer the question (10). Indeed, P = ) (w Ps; Posp Pege) is an element of degree 15 in
A that is killed by characters of either sl,,, so,, sp,, or exceptional Lie algebra series. It can be multiplied
on a "Mercedez-Benz” Jacobi diagram of degree 2. Finally, we end up with the D;7 Jacobi diagram that is
undetected by all weight systems coming from simple Lie (super)algebras:

D17 ::P-@
Dy (D7) = @ (P-1) -¢g<@) =0

Let us stress that D17 # 0. It follows from two statements. The first one is that P # 0, because

XD(QJ;)\)(PA’) # 0. The second one is Corollary 4.7 from Vogel’s paper [1], which states 5:@ # (0 for any
nonzero & € A.

(16)

2.3.6 Adjoint representation

Another interesting property of Di7 is that it vanishes by restricting to the adjoint representation, what is a
consequence of t- P = 0 identity in A. It follows from the fact that for the adjoint representation the distinguished
cycle of the Jacobi diagram becomes ordinary edges and one can factor out ¢ from the " Mercedez-Benz” diagram.

Furthermore, consider diagram V' (of 16 degree) and present it in the following form

V:P-@’ (17)

where the circle trivalent diagram in the right hand side has no distinguished cycle. Such diagram is suitable
for the adjoint representation as we discussed in Section 2.3.1. Therefore, applying the weight system we get

g (@) =2t (Q) =21 dimgy =

= By (V) =2, (P : z?) - dimgg; = 0. (18)

Thus, the diagram V is undetected by the adjoint representation. It means that the contribution of this
diagram vanishes into the universal knot polynomials whereas in the Kontsevich integral it is present.

3 Implications from Vogel’s results

In this section we discuss several implications of Vogel’s results. We start with what questions and problems
arise in Chern-Simons theory and how they can be solved. This is the subject of the first two subsections. In
the third subsection we discuss that inverting Vogel’s logic one can start from knot invariants and arrive at a
definition of Lie algebras and their classification in a fairly natural way.

3.1 Chern-Simons theory

In Section 2.2 we discussed that each group factor G?L’ﬁ that occurs in the perturbative decomposition (5) of
the Wilson loop in Chern-Simons theory is a value of a weight system of the corresponding Lie algebra on a
suitable chord diagram or on a linear combination of chord diagrams:

Ghm =5 Dnm) - (19)

Vogel’s theorem states that there exist primitive (with respect to the comultiplication in the algebra of chord
diagrams) chord diagrams that vanish under the action of the weight system for any semisimple (super) Lie
algebra g and its finite-dimensional representation R, for example (16):

(,D% (D17) =0. (20)

Therefore, in Chern-Simons theory with any finite-dimensional gauge Lie algebra the corresponding group
factors vanish. It means that the corresponding Vassiliev invariants cannot be extracted from
Wilson loops.



We postpone the discussion of infinite-dimensional Lie algebras and/or infinite-dimensional representa-
tions until the next subsection (3.2), and now we discuss only such consequences, which correspond to finite-
dimensional case.

The dramatic nature of the conclusions drawn from this result depends on two forks. The first one is whether
Vassiliev invariants are a complete knot invariant or not. The second one is whether the Vassiliev invariants
are an overdetermined system or not, i.e. whether there are relations between the primitive Vassiliev invariants
or not.

e If the Vassiliev invariants form a complete knot invariant and there are no hidden relations between them,
then there exist knots that Wilson loops are unable to distinguish. This begs the question whether there are
other gauge invariants in Chern-Simons theory that do not reduce to Wilson loops.

e If Vassiliev’s invariants do not form a complete knot invariant or if there are hidden relations between
them, then no dramatic conclusions can be made for now. In this case, further research in this direction is
required.

3.2 Infinite-dimensional case

e A promising direction for further research is the case of infinite-dimensional Lie algebras. However, an algebra
is needed in which there will be a non-degenerate metric, so that it will be possible to contract indices and
anti-symmetrize the structure constants f2° over all three indices a, b, c. In this case, such an algebra will still
give rise to the weight system of the Vogel algebra, but some arguments from the proof of the theorem may no
longer work, for example, the first equality in formula (16). In particular, one may seek for a such Lie algebra

g that the following hold:
2((D) # 2 () -2, () 1)

This apparently requires Lie algebra with two non-degenerate invariant bilinear forms, one of which is the Killing
form.

Another possibility is the presence of two or more invariant 3-tensors. In this case, it will no longer be
possible to determine the character of (12) and the contribution from the A-algebra in the diagram D;; will
simply no longer be factorable.

e The direction associated with infinite-dimensional representations seems much less promising. However,
strictly speaking, it also needs to be carefully analyzed. The idea is that the trace of the infinite-dimensional
representation gives an infinitely large contribution, which compensates for the zero from the zero divisor in

formula (16):
Dy (Di7) = @y (P 1) q>g<@) — 0 0o = finite

However, in this case this diagram could still be suppressed compared to the contributions from other diagrams
that do not have a zero divisor.

3.3 Alternative axiomatization of Lie algebras

3.3.1 Reidemeister implies 4T-relation

Consider the expression in Figure 2, where v is an arbitrary Vassiliev invariant and singular knots where it is
evaluated coincide outside of the depicted zone.

Figure 2: Four terms knot relation

If we resolve double points according to Vassiliev skein relation (see Section 2.2), then all terms are reduced
due to the third Reidemeister move, which becomes Yang-Baxter equation in algebraic terms. This results in
the four-term relation in Figure 2.

From this relation on Vassiliev invariants there follows a similar four-term relation on the functions origi-
nating from Vassiliev invariants (Fig. 3):



Figure 3: 4-term relation on functions coming from Vassiliev invariants

3.3.2 4T = STU — AS + IHX = Lie algebras

It is quite easy to prove that the space of chord diagrams modulo the 4T relation is isomorphic to the space of
Jacobi diagrams modulo the STU relation [17].

STU relation itself implies AS and THX relation on the internal graphs of Jacobi diagrams. These relations
are exactly the antisymmetry of Lie bracket and the Jacobi identity. Although these diagrams correspond to a
Lie algebra with a non-degenerate invariant metric.

Hence, the concept of Lie algebra may be derived from topological knots.

3.3.3 Towards the classification of (quasi)simple Lie algebras

To classify Lie algebras in this approach (using Vogel’s A) additional idea of quasisimplicity is needed. Essentially
it means that there should be a single invariant antisymmetric rank 3 tensor (the structure constant). This
requirement is essential for the concept of Lie algebra character on A to make sense.

In A there is a following identity (it is already described in Section 2.3.4):

i-P=0 (22)
Once P is represented as polynomial in (t,o,w), it can be factorized into a product of the form:

tw(2to — w — 2t%)(27Tw? — T2tow + 40tPw + 40> + 2920 — 24t*0) (27w — 45to + 40t3) = 0 (23)
Applying xr, which is a ring homomorphism from A to Q, yields xz(£)xz (}5) = 0. Hence, for any L either

x5(t) = 0or xr, (}5) = 0. In case of the former L is the superalgebra D ; 5. In case of the latter we may proceed
as follows.

Any (quasi)simple Lie algebra that is not Ds 1 ) vanishes on w or on some of the polynomials 2t —w — 2t3,
27w? — T2tow + 403w + 403 + 29t%02 — 24tto or 27w — 45to + 40t3. If xr(w) = 0 then L is sly. In case of
xL(2to —w —2t3) = 0 L is of sl type. In case of xr(27w? — T2tow + 40t3w + 40> + 29t202 — 24t*0) = 0 L is of
osp type. The case xr (27w — 45tc + 40t3) = 0 corresponds to the exceptional Lie algebras (g2/fs/¢6/¢7/¢s)-

This can be reformulated as follows. Presence of zero divisors in A puts constraint on the possible values of
Vogel parameters, leaving out only a few continuous one-parameter families of Vogel parameters that correspond
to some Lie algebras.

Another way to classify Lie algebras using Vogel theory was suggested by R. Mkrtchyan [22]. He analyzed
the universal formula for quantum dimension (24). This formula corresponds to the Kontsevich integral of the
unknot taken in the adjoint representation and expressed in terms of Vogel parameters [23]:

odim = sinh((« — 2t)x/4) sinh'((ﬁ - 2t)ac/4) sinh((vy — 2t)x/4) (24)
sinh(ax/4) sinh(fx/4) sinh(yz/4)

R. Mkrtchyan required this formula to have no poles, i.e. zeroes of the denominator have to be cancelled
by zeroes of the numerator. The requirement is valid for finite dimensional Lie algebras, but it may leave out
infinite dimensional case. From this condition he found that possible Vogel parameters organize into several
series, which is also sort of an alternative classification of Lie algebras. What was left out of considerations by
R.Mkrtchyan is the presence of zero divisors in A.

One can combine the results of Mkrtchyan with the aforementioned zero divisors consequence. These are
the points in Vogel’s plane that satisfy both ¢P = 0 and make the formula for the quantum dimension (24) to
be a regular function of x. It leaves out only a few possible values for the Vogel parameters, which are listed in
Table 2 in Mkrtchyan’s notation:

We end up with all of the algebras in the standard Dynkin classification, and several additional parameters in
the exceptional line. It is unknown whether these values of parameters correspond to any Lie (super)algebra or
not, apart from the e73 case which was first found by [24-26] and is relatively well studied [27]. The parameters
Y; in the right side of the table yield negative integer numbers when plugged into the dimension formula (24).
This is why Mkrtchyan called them unphysical. Although, the universal dimension formula is in fact the
superdimension formula, hence these Y; may correspond to some Lie superalgebras.
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Table 2: Vogel parameters for algebra g

4 Summary

Vogel’s result has rekindled interest in the perturbative sector of Chern-Simons theory. Usually in QFT non-
perturbative quantities (like instantons) carry (much) more information about the original physical system than
perturbative ones. For the Chern-Simons theory Vogel’s result can lead (if a number of other conditions are met)
to the exact opposite case: Perturbative Vassiliev invariants may be richer than non-perturbative colored
HOMFLY-PT, Kauffman etc. polynomials. This puzzle is waiting to be solved. The obvious possibilities are:

e There can be Lie algebras with degenerate and /or non-unique metrics — then 3-valent and Jacobi diagrams
are ill-defined and require additional specification.

e Lie algebras can be nice, but infinite dimensional. The most obvious examples are affine Kac-Moody G
or continuation of F-series to Ey, F1g, ... Naively 3-valent and Jacobi diagrams now involve infinite sums,
still there can be ways to define them.

However, it is important to emphasize that today it cannot be claimed that we can distinguish more knots
using Vassiliev invariants than using colored HOMFLY-PT, Kauffman, etc. polynomials. This is explained by
the fact that all this story takes into account only polynomial relations between Vassiliev invariants, whereas
the relations between them can be much more complicated. So it is possible that the state space determined
by Wilson loops is exactly the same as that of Vassiliev invariants.

Another very important result is a universal description of the adjoint representation of Lie algebras. This
description is given using a diagrammatic technique that greatly simplifies the calculations. It is applicable, at
a minimum, to any pure Yang-Mills theory. In algebraic language, the diagrammatic technique is described by
an Vogel’s A-algebra. This is a commutative algebra, similar to the algebra of polynomials in three variables,
but in which there is zero divisor. In Vogel’s theory, classical Lie algebras are not distinguished a priori in any
way, but their locus miraculously turns out to be exactly this zero divisor. This opens a possibility to treat the
existence of classical Lie algebras as a consequence of knot invariance, i.e. one can provide an implication

Reidemeister invariance —s Cartan — Dynkin classification (25)
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